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ABSTRACT. The degree distance index and Gutman index are the topo-
logical indices which are calculated by counting the degrees and distance
between the vertices of a connected graph. In this paper, the degree dis-
tance and Gutman indices of some wheel related graphs such as helm
graph, gear graph, friendship graph, flower graph, sunflower graph, and
fan graph are calculated in terms of number of vertices of wheel graph.
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1. INTRODUCTION

The topological indices are the numerical parameters associated with a
graph that are usually graph invariant. The topological index is also called
as a molecular descriptor as it is a mathematical formula that can be applied
to any graph which models some molecular structure. They can be classified
by the properties of graphs such as degree, distance, eccentricity, status, non-
incidence edges and so on. Among all the topological indices, Wiener index
W (G) of a graph G [12], defined as sum of the distance between all the pairs
of vertices of a graph, is the first topological index to be used in chemistry
to determine the boiling point of paraffin.

In this paper, the authors have considered two degree and distance based
topological indices, namely degree distance index and Gutman index of a
connected graph. The degree of a vertex u in a graph G is the number of
edges incident on u and the notation is degq(u). The distance between two
vertices u, v of a connected graph G is the number of edges in the shortest
path between u and v. dg(u,v) denotes the distance between the vertices u
and v in the graph G.

The degree distance index was considered by A. A. Dobrynin and A. A.
Kochetova [3] and by I. Gutman [5] in 1994 with two different names. A.
A. Dobrynin and A. A. Kochetova used the term degree distance index and
I. Gutman used the term Schultz molecular topological index. The degree
distance index of a connected graph G is defined as,

DD(G)= Y (degg(ui) + degg(uy)) de(ui, uj).

1<i<j<n
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In [5], I. Gutman introduced Schultz index of second type which is now
termed as Gutman index. The Gutman index of a connected graph G is
defined as,

Gut(G) = Z degq(u;) degq(uj)da(ui, uy).

1<i<j<n

The relation between degree distance index and Gutman index was stud-
ied in [2, 4].

Few topological indices of wheel related graphs can be seen in [9, 10,
8]. Motivated by these studies, in this paper degree distance indices and
Gutman indices of some wheel related graphs are studied.

2. PRELIMINARIES

We recall some basic definitions in this section.

Definition 2.1. [6] The wheel graph W, 11 is obtained by connecting a single
universal vertez to all vertices of a cycle Cy,.

Definition 2.2. [11] The helm graph Hyi1 is obtained from wheel graph
Wy+1 by adding a pendant vertex to each n peripheral vertices.

Definition 2.3. [1] The gear graph G, +1 is obtained from W11 by inserting
a vertex into each peripheral edge of Wy 1.

Definition 2.4. [7] The friendship graph F, i1 is obtained from removing

5 alternate peripheral edges from wheel graph of odd order.

Definition 2.5. [11] The flower graph Fl,11 is obtained from inserting a
new vertex u} into each peripheral vertex u; of the wheel graph and uj ~ u;
and u; ~ ug, where ug is the universal vertex of wheel graph.

Definition 2.6. [11] The sunflower graph SF, i1 is obtained from inserting
a new vertex uj into each peripheral edge u; of the wheel graph and uj is
adjacent to the end vertices u;.

Definition 2.7. [11] The fan graph F,1 is obtained from removing one
peripheral edge from the wheel graph.

Remark: It is easy to see that, the degree distance index, Gutman index,
and Wiener index of a wheel graph W, 11 is n(7n—9), 6n(2n—3), and n(n—1),
respectively.

3. MAIN RESULTS

In this section, the degree distance index and Gutman index of few wheel
related graphs with number of vertices > 4 are calculated in terms of degree
distance index, Gutman index, and Wiener index of wheel graph and number
of vertices of a wheel graph.

Theorem 3.1. For a helm graph Hp41,

(a) DD(Hys1) = 3002 — 36n.
(b) Gut(H,11) = 36n% — 51n.
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Proof. Let ug be the central vertex, u;, 1 < i < n be the peripheral vertices
of the wheel graph, and u} be the pendent vertex adjacent to the vertex u;,
1< <n.

(a) Consider,

n

DD(ug,u; : Hyp1) =Y _(degyy, ., (u0) + degy, ., (u:) + Ddw, ., (uo, u;)
=1
= DD(up,u; : Wyy1) +n, 1 <i<n.

DD(us, uj : Hyppr) = Z (degw,,, (ui) + 1 +degy, , (uj) + L)dw,, (ui, uj)
1<i<j<n

= DD(usuj : Wist) +2 <n + ((Z) - n> (2)>

= DD(uj,uj: Wyy) +2n% —dn, 1<i<j<n.
DD(ug,u} : Hyy1) =n(n+1)(2) =2n? +2n, 1 <i<n.
DD(ug,u : Hyr1) =n(4+1)(1) =5n, 1 <i<n.
DD(ug, uy : Hyyr) = 2n(4+1)(2) + (n® = 3n)(4 + 1)(3)

=15n2—25n, 1 <1i,j <n,i#j.

n
DD s Ho) =14 1)6) + ((3) =n) 1+ D
=4n® —6n, 1<i<j<n.
Therefore,

DD(H, 1) = DD(Wy11) + 23n% — 27n

= 30n2 — 36n.
(b) Consider,
n+1
Gut(uo,u; : Hyp1) = Y _(degyy, ., (uo))(degy, ., (w) + 1w, , (uo, u;)
=1

= Gut(ug, i : Wni1) +n% 1<i<n.

Gut(us,uy s Hye) = 3 (degy,,, (ug) + 1)(degyy, ., () + Lduw, ,, (us, ;)
1<i<j<n

= Gut(us, uj : Wpy1) +(3+3+1) (n(l) + (Z) — n) (2)
= Gut(us, uj : Wpyr) + ™n? — 4n, 1<i<j<n.
Gut(ug,u} : Hyyy) =n(n+1)(2) =2n* 4+ 2n, 1 <i < n.

Gut(ug,u » Hyyq) =n(4)(1)(1) =4n, 1 <i<n.
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Gut(ug, vy : Hyyr) = 2n(4)(1)(2) + (n® — 3n)(4)(1)(3)
=12n2—20n, 1<4,j <n,i#j.

Guty i Ho) =n(WE + ((5) ) OO
=2m%—3n, 1<i<j<n.
Therefore,
Gut(Hpi1) = Gut(Wyy1) + 24n* — 33n
= 36n% — 51n.

Theorem 3.2. For a gear graph Gp41,
(a) DD(Gp11) = 32n? — 35n.
(b) Gut(Gpy1) = 42n% — 49n.

Proof. Let ug be the central vertex and wu;, 1 < i < n be the peripheral
vertices of the wheel graph. Let u} be the vertex inserted to the edge w;u;y1,
1 <i<n-—1and u), be the vertex inserted to the edge uiuy,.

(a) Consider,

n
DD(ug,u; : Gny1) = Y _(degyy, ., (uo) + degyy, ., (wi))dw, ., (o, u;)
i=1
= DD(U(),UZ' : Wn+1), 1 < 1 <n.

n—1

DD(ui,u; : Gnyr) = > _(degyy, ,, (ui) + degyy, ,, (wis1))(dw,,, (i uig1) + 1)
=1

+ (degW"+1 (U]) + degW-,L+1 (un))(dwwz+1 <’Ll,1, ’Ltn) + 1)
+ ) (degy,,, (w) + degw, ., (1)) (dw, ., (ui, uj))

1<i<j<n
wit i EE(Wnt1)

=DD(uj, uj : Wpp1) +6n, 1 <i<j<mn.
DD(ug,t} : Gpy1) =n(n+2)(2) =2n* +4n, 1 <i<n.

DD(ug, vy : Gpy1) = 2n(3 +2)(1) + (n® — 2n)(3 + 2)(3)
=15n2—20n, 1<4,j <n.

n

DD(uj,uj : Gry1) = n(2+2)(2) + ((2) - n> (24+2)(4)
=8n2—16n, 1<i<j<n.
Therefore,
DD(Gpy1) = DD(Wy41) + 2502 — 26n
= 32n2 — 3bn.
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(b) Consider,

Gut(uo, u;i : Gpy1) E:(degwn+1 (uo))(degw,, ., (ui))dw, (o, us)

= Gut(uo,ui cWht1), 1 <i<n.

n—1

Gut(ui,uj : Gni1) = Y _ (degyy, o (we))(degyy, | (wig1))(dw,, q (ui; wig1) + 1)
=1

+ (degyy, ,, (un))(degyy, , , (un)) (@, (u,un) + 1)
+ Y (deaw,,, (u)(degw, ,, (u)(dw, ., (ui,u;))

1<i<j<n
uiu; EE(Wpi1)

= Gut(uj,uj : Wni1)+9n, 1 <i<j<n.
Gut(ug, ul; : Gpy1) = n(n)(2)(2) = 4n?, 1 <i < n.

Gut(ui, uj : Gry1) = 2n(3)(2)(1) + (n* —2n)(3)(2)(3)
=18n% —24n, 1 <i,j <n.

Gt (uf, 1t = Gry1) = 12+ 2)(2) + ((Z) - n> (2+2)(4)
=8n?—16n, 1<i<j<n.
Therefore,

Gut(Gpy1) = Gut(Wy41) 4 30n? — 31n
= 42n?% — 49n.

Theorem 3.3. For a friendship graph Fp41,

(a) DD(Fp41) = 5n? — 4n.
(b) Gut(F,41) = 6n? — 6n.

Proof. Let ug be the central vertex and u;, 1 < ¢ < n be the peripheral
vertices of the friendship graph.

(a) Consider,

n
DD(ug, u; : Foyr) =Y _(degyy,,, (uo) + degyy, ., (us) — 1)dw, ., (uo, u;)
=1
= DD(ug,u; : Wpt1) —m, 1 <i<n.
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DD(ug,uj : Fry1) = Z (deanH (u;) — 1+ deanH (uj) = 1)(dw,, 4 (ui, uy))

ujuj €E(Wpi1)
uju; €E(Fpi1)

+ > (degyy, ., (ui) — 1+ degyy, ,\ (us) — 1)(dw,,;, (ui,uy) +1)
uiu; €EE(Wp 1)
wiui €E(Fpy1)

+ > (degyy, ,, (ui) = 1+ degyy . (u5) — D)(dw,, ., (ui, uy))
uiu; €E(Wny1)
wiuj €E(Fpy1)

= DD(ui,uj : Wn+1) —n+ DD(ui,uj : Wn+1) +n+ DD(ui,u]‘ : Wn+1)

—2n? + 6n

= DD(u;,uj : Wyy1) —2n% 4+ 6n, 1 <i<j<n.
Therefore,
DD(Fy41) = DD(Wy11) — 2n° + 5n
= 5n% — 4n.
(b) Consider,

n

Gut(ug, ui : Foy1) =y _(degw, ., (uo))(degw,,, (us) = 1)dw, ., (uo, ui)
i=1

= Gut(ug, u; : Wpi1) — n? 1<i<n.

Gut(ui,uj : Fng1) = > (degyy, ., (ui) — 1)(degyw, |, (u;) — 1) (dw,, ;, (ui, uy))
uju; €EE(Wpy1)
uju; €E(Fpy1)
+ > (degyy,, ,, (ui) — 1)(degyy, , (u;) = )(dw,, (i, u;) + 1)

wiuj EE(Wy 1)
ujuj EE(Fp41)

+ Do (degw,,, (i) = D(degw,,, (u;) = D(dw,,,, (ui,u;))

wiuj EE(Wpy1)
ujuj EE(Fp41)

= Gut(ui,uj : Wn+1) — DD(WTH_l) — n(n + 3) + W(Wn+1) —-n

= Gut(uj,uj : Wni1) = DD(Wpa1) + W(Wyg1) +4n, 1 <i<j<n.
Therefore,

Gut(Fpy1) = Gut(Wyt1) = DD(Wyy1) + W (Wyy1) 4+ 4n

= 6n° — 6n.

Theorem 3.4. For a flower graph Fl, 1,

(a) DD(Fl,y1) = 28n? — 20n.
(b) Gut(Fl,.1) = 48n? — 44n.

Proof. Let ug be the central vertex, u;, 1 <i < n be the peripheral vertices
of the wheel graph, and «} be the pendent vertex attached to the vertex u;,
1<t <n.
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(a) Consider,
n
DD(ug,u; : Flpy1) = 2(2 degyy, ., (vo) + degy,, , , (wi) + )dw,, ., (uo, u;)
i=1
= DD(ug,u; : Wpi1) +n* +n, 1 <i<n.

DD(ui,uj : Flpg1) = > (degyy, |, (wi) + 1+ degyy, ., (uj) + Ddw,, ., (ui, )
1<i<j<n

= DD(ui,uj : Wni1) +2 (n(l) + ((Z) - n) (2))

= DD(u;,uj : Wyiy1) +2n% —4n, 1 <i<j<n.
DD(ug, v} : Flpy1) =n(2n+2)(1) = 2n? +2n, 1 <i<n.
7

DD(uidy : Flyy1) = n(4+2)(1) + (n® — n)(4 +2)(2)
=12n%—6n, 1 <i,j <n.

DD(uj,u; : Flyiy) = <Z>(2+2)(2)—4n24n, 1<i<j<n.

Therefore,
D(Flyy1) = DD(Wyy1) + 2102 — 11n
= 28n?% — 20n.
(b) Consider,

Gut(ug,ui : Flyyr) =Y (2degyy, ,, (uo))(degyy, ,, (us) + 1)dw, ., (uo, u;)
=1

= Gut(ug, ui : Wni1) 4+ 5n2, 1 <i<n.
For1<i<j<n,
Gut(ui,uj : Fln+1) = Z (dean+1 (deanH (ul) + 1)(degwn+1 (u]) + 1)de+1 (ui,uj')
1<i<j<n
= DD(uj,uj : Wpy1) + DD(Wyy1) —n(n+3) + W(Wyy1) —n.

Gut(ug,u) : Flyy1) =n(2n)(2)(1) = 4n?, 1 <i<n.

Gut(ug, vy : Flypr) =n(4)(2)(1) + (n® — n)(4)(2)(2)
=16n>—8n, 1 <i,j <n.

Gut(u;,u; ) = (Z) (2)(2)(2) =4n® —4n, 1 <i<j<n.
Therefore,
Gut(Flyi1) = Gut(Wpy1) + DD(Wyi1) + W (Wyi1) + 2802 — 16n

= 48n% — 44n.

Theorem 3.5. For a sunflower graph SF,1,
(a) DD(SF, 1) = 42n? — 73n.
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(b) Gut(SF,41) = 72n? — 130n.

Proof. Let ug be the central vertex, u;, 1 <14 < n be the peripheral vertices
of the wheel graph, and «} be the pendent vertex attached to the vertex u;,
1<i<n.

(a) Consider,

n

DD(ug,u; : SFpt1) = Z(degwn+1 (uo) + degwy, ., (ui) + 2)dw,, ., (w0, ui)
i=1
= DD(up,ui : Wpt1) +2n, 1 <i<n.

DD(uj uj: SFyy1) = Y (degy, ,, (ui) + 2+ degyy,  (uy) +2)dw,, ., (i, uj)
1<i<j<n

= DD(uj,uj : Wpy1) +4 (n+ ((Z) - n) (2))

:DD(ui,Uj:WnJrl)JrQansn, 1<i<j<n.
DD(ug,u}: SFpi1) =n(n+2)(2) =2n+4n, 1 <i<n.
(A

DD(ui, s : SFop1) = 2n(5 + 2)(1) + 2n(5 + 2)(2) + (n? — 4n) (5 + 2)(3)
=21n?—42n, 1<4,j <n.

DD(uj, vy - SFny1) = n(2+2)(2) +n(2+2)(3) + ((g) - 2n) (2+2)(4)

=8n2—20n, 1<i<j<n.
Therefore,
DD(SF,11) = DD(W,,1) + 35n% — 64n
= 42n% — 73n.
(b) Consider,
n
Guit(ug, u; : SFhy1) = Z(dean+1(UO))(deanH(ui) + 2)dw,,,, (uo, u;)
i=1
= Gut(ug,ui : Wpy1) +2n%, 1<i<n.
For1<i<j<n,
Gut(us,uj: SFpy1) = Y (degyw, ,, (ui) +2)(degw, , (uj) + 2)dw, ,, (ui,u;)

1<i<j<n
= Gut(ui,uj : Wny1) +2DD(Wyi1) — 2n(n + 3) + AW (Wyy1) — 4n.

Gut(ug,u : SF,11) = n(n)(2)(2) = 4n? 1 <i<n.
Gut(ug, wy : SFoi1) = 2n(5)(2)(1) + 2n(5)(2)(2) + (n® — 4n)(5)(2)(3)
=30n% —60n, 1<i,j <n.
Gut(uj,u; : SFi1) = n(2)(2)(2) +n(2)(2)(3) + < <Z) - 2n> (2)(2)(4)

=8n2—20n, 1<i<j<n.
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Therefore,
Gut(SFpy1) = Gut(Wyi1) + 2DD(Wyy1) + AW (Wy 1) + 42n% — 90n
= 72n% — 130n.

Theorem 3.6. For a fan graph F, 1,

(a) DD(F,1) = Tn? — 13n + 10.

(b) Gut(F,1) = 12n* — 32n + 29.
Proof. Let ug be the central vertex and u;, 1 < ¢ < n be the peripheral
vertices of the wheel graph. Let uju, be the removed edge from wheel
graph to obtain fan graph.

(a) Consider,

n—1

DD(ug,u; : Fp1) = Z(dean+l(uo) + degwn+1(ui))dwn+1 (ug, w;)
i=2
+ (degyy, ., (uo) + degw, ., (u1) — L)dw,, ., (uo, u1)
+ (degw,,, (vo) + degyy, ., (un) — 1)dw, ., (uo, up)
= DD(up,u; : Wyy1) —2, 1 <i<n.

DD(uj,uj: Fon)= > (degyy, . (i) + degy, , (u;))dw, ., (ui,u))
2<i<j<n—1

+ (degyy, ., (w1) — L+ degyy, ., (un) — 1)(dw,,,, (u1, un) + 1)
+ (degyw, ., (u1) — 1+ degyy, ,, (u2))dw,, ., (u1, u2)
+ (degw,, ., (un—1) + degy, ., (un) — 1)dw,,  (Un—1,un)
=DD(us, uj: Wypy1) —4dn+12, 1 <i<j<n.
Therefore,
DD(Fyy) = DD(Wy 1) — 4n + 10
=7n? — 13n +10.
(b) Consider,

n

Gut(ug, u; : Fop) =Y _(degyy, ., (uo))(degy, ,, (u:))dw, ., (uo, u;)

1=2
+ (degyy, ., (uo))(degw, ,, (u1) — L)dw, ., (uo, u1)
+ (degw,, ., (uo))(degyy, ,, (un) — L)dw,,,, (uo, un)
= Gut(ug,u; : Wpy1) —2n, 1 <i<n.

Gut(uij,uj: Fy) = Y (degyy,,, (wi))(degy, ., (u))dw, ., (u;, u;)
2<i<j<n—1

+ (degy,,,, (1) — 1)(degyy, ., (un) — 1)(dw,,,, (ui, uj) + 1)
+ (degyy, ., (u1) — 1)(degw, ,, (u2))dw, , (u1, uz2)

+ (degyy, ., (un—1))(degy, , (un) — L)dw,, ., (un—1, un)
=DD(us,uj : Wypy1) —12n+29, 1 <i<j<n.
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Therefore,

Gut(Fp1) = Gut(Wp41) — 14n + 29
=12n% — 32n + 29.

Remark: It is observed that,

(a) DD(SFpi1) > DD(Gpy1) > DD(Flps1) > DD(Hpy1) > DD(Fo1) >
DD(Fyy1), for 4 <n <T.

(b) DD(SFps1) > DD(Gps1) > DD(Flus1) = DD(Hyi1) > DD(Fpy) >
D(Fy41), for n = 8.

(¢) DD(SFnt1) > DD(Gny1) > DD(Hypt1) > DD(Flyy1) > DD(Fp) >

D(Fp41), for n > 9.

(d) Ut(SFn+1) > GUt(Fln+1) > GUt(Gn+1) > G’LLt(Hn+1) > GUt(Fn’l) >

ut(Fpy1), for n > 4.

QQAUUUU

4. CONCLUSION

In this paper, the authors have obtained degree distance index and Gut-
man index of some wheel related graphs such as helm graph, gear graph,
friendship graph, flower graph, sunflower graph, and fan graph. The degree
distance and Gutman indices of these wheel related graphs are in terms of
number of vertices of wheel graph.
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